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Heavy quark free energies, potentials and the renormalized Polyakov loop∗
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We discuss the renormalized free energy of a heavy quark anti-quark pair in the color singlet channel for
quenched and full QCD at finite temperature. The temperature and mass dependence, as well as its short distance
behavior is analyzed. Using the free energies we calculate the heavy quark potential and entropy in quenched QCD.
The asymptotic large distance behavior of the free energy is used to define the non-perturbatively renormalized
Polyakov loop which is well behaved in the continuum limit. String breaking is studied in the color singlet channel
in 2-flavor QCD.
1. Introduction
Polyakov loop correlation functions are gen-
erally used to analyze the temperature depen-
dence of confinement forces and the screening
in the high temperature phase of QCD. The
Polyakov loop correlation functions are directly
related to the change in free energy arising
from the presence of a static quark anti-quark
pair in a thermal medium, 〈TrL(~x)TrL†(0)〉 ∼
exp(−Fq¯q(|x|, T )/T ) [1,2]. Nonetheless, over the
years it has become customary to call this observ-
able the heavy quark potential at finite tempera-
ture. The role of any additional entropy contribu-
tion at finite temperature thus has been ignored.
We will discuss here a first calculation of the ac-
cess energy (potential) from the access free energy
of static heavy quark sources.
We will concentrate on results from calcula-
tions of the singlet free energy, F1(|x|, T )/T =
− ln〈TrL(~x)L†(0)〉 and will present results on
color averaged and octet free energies elsewhere.
The operator used to calculate F1 is not gauge in-
variant. Calculations thus have been performed
in Coulomb gauge. It has been shown in [3] that
this approach is equivalent to using a suitably de-
fined gauge invariant (non-local) operator for the
singlet free energy.
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The Polyakov loop, calculated on the lattice, is
ultra-violet divergent and needs to be renormal-
ized to become a meaningful observable in the
continuum limit. We will do so by renormaliz-
ing the free energies at short distances. Consid-
ering that no additional divergences arise from
thermal effects and that at short distances the
heavy quark free energies will not be sensitive
to medium effects, renormalization is achieved
through a matching of free energies to the zero
temperature heavy quark potential. Using the
large distance behavior of the renormalized free
energies we can define the renormalized Polyakov
loop which is well defined also in the continuum
limit.
2. The renormalized free energy
At small distances the free energy of a quark
anti-quark pair should essentially be temperature
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Figure 1. Renormalized singlet free energy below
Tc. The solid line indicates the T=0-potential [4].
2-3
-2
-1
0
1
0 0.5 1 1.5 2
Rσ1/2
F1(R,T)/σ1/2
(D)
T/Tc
1.05
1.20
1.50
3.00
6.00
12.0
Figure 2. Renormalized singlet free energy above
Tc together with the potential at T=0 [4].
independent at distances which are smaller
than the average separation between partons in
the thermal medium. Therefore, in the limit
of small R = |~x|, the heavy quark free energy
F1(R, T ) is supposed to be given by the heavy
quark potential, Vq¯q(R), at zero temperature. By
matching F1(R, T ) to the T=0-potential at small
R, the divergent self-energy contributions to the
free energy are removed.
The singlet free energy (Fig. 1) coincides with
the T=0-potential at short distances and shows
no temperature dependence up to R
√
σ ≈ 1.
There is a significant overshooting of F1 relative
to the T=0-potential which may be understood
in terms of string fluctuations. At large separa-
tion F1 shows confining behavior with a string
tension that is decreasing with increasing tem-
perature. This is a first indication that there are
entropy contributions at large separations, while
at small R the entropy is zero.
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Figure 3. Color singlet internal energy at three
different values below Tc. The solid line is the
zero temperature potential.
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Figure 4. Color singlet internal energy above Tc.
Above Tc (Fig. 2) the free energy is again
T -independent at small distances and coincides
with the T=0-potential at sufficiently small R.
With increasing temperature screening sets in at
shorter separation.
F1 decreases with increasing temperature at
fixed R, indicating that there is a positive en-
tropy, S = −∂F1
∂T
, contribution at large distances,
while it is close to zero, due to the (asymptotic)
T -independence of F1, at small R.
3. Internal energy and entropy
The free energy has a quite complex R-
dependence. It is not only determined by the
potential energy but contains entropy contribu-
tions, which are also R-dependent (F1(R, T ) =
V1(R, T ) − TS1(R, T )). The singlet free energy
is temperature independent at sufficiently small
distances, while it gets T -dependent at large R.
This leads to a vanishing entropy at small sepa-
ration and a non-vanishing entropy at large R.
In order to separate both contributions to the
free energy, we calculate the derivatives with re-
spect to T ,
V1(R, T ) = −T 2∂F1(R, T )/T
∂T
(1)
In Fig. 3 the internal energy for three different
temperatures below Tc is shown. At small dis-
tances the data coincide with the T=0-potential,
while at large separations they tend toward larger
values with increasing temperature. This is in
contrast to the behavior of the free energy (Fig. 1)
and shows that entropy contributions play a ma-
jor role at finite temperature.
3The internal energies above Tc (Fig. 4) also
show major differences compared to the free en-
ergy. In the limit of small separations they turn
into the T=0-potential. At intermediate R the
potential becomes narrower (overshooting) which
is a consequence of screening and finally leads to
a flat potential at large distances. This behavior
indicates that also above Tc the free energy is not
only controlled by the internal energy itself.
4. The renormalized Polyakov loop
Using the renormalized free energies from Fig. 2
we can define the renormalized Polyakov loop [2],
Lren = exp
(
−F1(R =∞, T )
2T
)
. (2)
In quenched QCD it is zero below Tc by construc-
tion. Lren does not depend on Nτ and is well
behaved in the continuum limit.
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Figure 5. The renormalized Polyakov loop, Lren.
5. Full QCD
The concepts presented above can be extended
to the case of full QCD, where string breaking
has been observed in Polyakov loop correlation
functions in [5]. In Fig. 6 the renormalized sin-
glet free energies in 2-flavor QCD for three differ-
ent quark masses are shown. They tend towards
the T=0-potential at small R and get constant at
large distances due to the breaking of the string.
This behavior might be explained by the model
for string breaking proposed in [6],
F1(R) =
(
σR− π
12R
)
e−ωR
2 −
(
1− e−ωR2
)
A (3)
The lines in Fig. 6 show the results of a fit of (3)
using the zero temperature string tension, σ, and
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Figure 6. Singlet free energies for 2-flavor full
QCD at β = 3.48 on 163 · 4 lattices.
two fit parameters ω and A. The data seem to be
well described by this Ansatz.
6. Conclusions
We have discussed the renormalized color sin-
glet free energy in quenched QCD as well as 2-
flavor QCD. It was shown that F1 is not only
given by the potential energy, but entropy con-
tributions play a major role at large distances.
First results for the potential energy were pre-
sented and show a quite different behavior com-
pared to the free energy.
The results in 2-flavor QCD show that the con-
cepts, developed in quenched QCD, can be ex-
tended to full QCD. The data can be well de-
scribed by a string model inspired Ansatz pro-
posed in [6]. A more detailed analysis of the tem-
perature and mass dependence, as well as a closer
look to the short distance regime, is needed.
The large distance behavior of the free energy
was used to calculate the renormalized Polyakov
loop, which is well behaved in the continuum
limit.
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